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@ Derivation of Simple OLS

o

o
o
o



Simple Least Squares Estimation

We observe n i.i.d samples of {Y;, X;}7_;, where Y; is the outcome variable and
X; is the predictor variable, and E(e;) = 0.

Yi = a+B8Xi+¢€
The residuals are e = Y; — & — BX,-, and we want to minimze the sum of squared
residuals:
n
argmin Z(Y, —a— BX)?

(6,8) i=1
How do we solve? Take the partial derivatives of & and BA and set these equal to
zero. Easy to see that these will be a minimum.

ISSR < .
56 = ;—2(%- &= X))
HSSR

Y —2Xi(Yi—a—BX)

i=1

05
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Simple Least Squares Estimation: Constant

Recall 2558 = S0 —2(Y; — & — BX;).

0=>_ -2(Y;i—a-pX)
i=1
n

0=> (Vi—a-pX)

i=1

0= ¥~y a- 3 ix
i=1 i=1 i=1

n n
0=> Yi—na—> BX
i=1 i=1
_ Y Yi— i bX;

n

Y - BX

jo)

[}
I
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Simple Least Squares Estimation: Coefficient

Recall 8;;"’ =37, —2X(Y; — & — BX;) and that & = Y — BX.

O:Zn:—2X(Y—a—BX)
i=1

0= znj(x,-v,- —aX - BX?)
i=1

0= i(x,-v,- — XY + BX;X — BX?)
i=1

0= (XY~ XY) +BZ - XiX)

i=1

Elll

5 _ Z::,n:l(xiyi - X;Y)
' ST (X2 — XiX)
r iY==Y =X) p. Cov(Xi,Y) _ Var(Y;)
= Z,-:l(x, X)2 T TVar(X) P\ Var(x)
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© Review of Unbiasedness for Simple OLS

o

o



Unbiasedness of Least Squares Estimator
First, we want to show that E(j3) = 3.

>ia(Yi— 7)(& - X)
Z?:1(Xi - X)2
>t [(a + BXi+ €) — (a+ X + E)} (Xi — X)
Z?:l(Xi - Y)2
N7 [B0G = X) + € — €| (X~ X)
Z?:1(Xi - y)2
_ B (X =X+ (X = X)e
- Z?:l(xf - Y)2

3_ g X = X)e
i Z’f’:l(xi_Y)Z

B=

Exogeneity implies:

E(8) - 8 =E( - 8) = Ex[E( — B)[X] =0
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Unbiasedness of Least Squares Estimator

Knowing that () = 8 makes the proof that E(&) = « easier.

Using exogeneity and ]E(B) =4
E(&) —a =E[f— (8- B)X] =

Julian Gerez Regression POLS-GUA4722, Spring 2021

9/18



o

o

© Review of Derivation of Variance for Simple OLS

o

o



Derivation of Variance for Simple OLS

2

We want to show that Var(3|X) = ﬁ
=1\ Ai—

S0 (X = XV X)
i |06 =X7]
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Estimating The Sampling Variance

N 2
Remember that Var(5|X) = ﬁ but note that we cannot observe o2. In
=1\
practice we use:
R 1\ 2
V= &2 _ n;2 i:li

27:1(Xi = X2 (X = X)?
Conditionally unbiased: E(62|X) = o2 implies

E(VX) = Var(3X)

Unconditionally unbiased: Var[E(j3]X)] = 0 implies

E(V) = Ex[E(V|X)] = E[Var(5|X)] = Var(5)
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@ Review of Model-Based Asymptotic Inference

o



Consistency

Recall:

Since we assume i.i.d:

27: (X, —7)6,' P COV(X,',G,')
SO X Var(X)

Exogeneity implies that Cov(Xj,¢;) = 0. So if Var(X;) > 0:

A28
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Model-Based Asymptotic Inference

Asymptotic distribution and inference v/n( — f3):
6,'> X
i=1
L0, o2Var(X)] 250

E é(x,- ~x7) " 4o, ool

L)Var(X;)— L

(f Z[x E(X,)]e + v+ (E[(X)) - X]

S|
[~]-

Therefore, using a consistent estimator of the standard error:

ﬁ B

4 (0, 1)
We can calculate confidence intervals as follows:

o (1—a)x100 % Cl: [B\— Zi_q/2 - 8.€., B+ Zi_q/2-sel

@ This will be asymptotically equivalent to the Cl based on t-distribution
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OLS with Vector Calculus



OLS Derivation with Vector Calculus

For OLS, we try and minimize the sum of squared residuals: ||Y — XJ||2. Let's

start by rewriting the SSR.

1Y = XBI> = (Y = XB)T(Y - XB)
=Y'Y-B"XTY-Y"XB+ATX"XA
=YY -—28"TXTY+3TX"X3

Now, we find the first order condition 3323 =0:
OSSR
=-2XTY+2X"X3=0
B

(X™X)3=X"Y
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OLS Derivation with Vector Calculus

(XTX)B = X"Y is known as the normal equation. Now we can solve for B:

(XTX)H(XTX)8 = (XTX) XY

B=(X"X)"XTY
: o oo 0SSR
Is this @ minimum? Check second order condition: 2BopT = 0
2
%ﬂ =-2XTY +2X"X} = asisAR 2X X
0BOBT

How do we know if a matrix is “positive” ? Notion of definiteness. Two conditions
for a square matrix A to be positive semi-definite: 1) A is symmetric and 2)
cTAc > 0 for any column vector c.

XX is symmetric and ¢ X Xc = [|Xc|]> > 0 = X" X is positive semi-definite
(therefore, it is a minimum).
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